The geometrical and physical aberrations affecting the positions and breadths of diffraction maxima as determined by the energy distribution of photons diffracted through a fixed angle and analysed by a solid-state detector differ in many points of detail from those determined by the angular distribution of photons of fixed energy analysed by a conventional diffractometer. The main differences are investigated and the accuracy of spacing measurements is discussed. There is no simple analogue of the extrapolation method of reducing errors in spacing measurements.
Introduction
By use of a solid-state detector and pulse-height analysis it is possible to produce a diffraction pattern in which the various diffraction maxima are distinguished by the different energies of the scattered photons rather than by the different Bragg angles of photons of the same energy. Various arrangements and applications of this principle have been described by Geissen & Gordon (1968) , Cole (1970) and Lauriat & P6rio (1972) . The angle between the incident and diffracted rays is fixed, and the energy distribution of the diffracted photons is displayed by a multichannel analyser. In the arrangement used by Fukamachi, Hosoya * Permanent address. & Terasaki (1973) , the equatorial divergence of the radiation is limited to a few tenths of a degree by two sets of Soller slits; the diffraction angle being determined by the angle between the lamellae of the two sets. The powder specimen is a slab of uniform thickness situated between the sets of Soller slits. The plane of the slab may be perpendicular to the incident beam or it may be placed symmetrically, so as to bisect the angle between the incident and diffracted rays, or it may be used in reflexion instead of in transmission. These three possibilities are sketched in Fig. 1 .
Each interplanar spacing d in the specimen selects the appropriate wavelength from the continuous radiation for diffraction through the fixed angle; the process is somewhat analogous to the production of a Laue photograph. If the angle between the lamellae of the Soller slits is 20o, this wavelength is given by 20=2d sin 00,
corresponding to a photon energy of Eo=hvo=hc/Xo=(hc/2d) csc 00.
This equation gives the energy of a photon diffracted exactly parallel to the lamellae and exactly parallel to the equatorial plane. Photons can, however, reach the detector with deviations of some tenths of degrees and some degrees respectively, from these ideal conditions, and will then have slightly different angles of diffraction 20 and slightly different energies E, related by E=(hc/2d) csc 0.
The energy difference is given by
.dE= E-Eo=(hc/2d) (csc 0-csc 00)
~ -(hc/2d) cot 0 csc OAO.
where
The calculations below show that there is a predominance of positive values of AO, so that the diffraction maxima are displaced to the low-energy side, and show more tailing on the low-energy side than on the high-energy side. Unless allowance is made for the displacement, spacings calculated from the apparent energy and the ideal angle will be too big; the actual relation is easily found to be where AE is the displacement of the diffraction maximum. The fractional error in the spacing is thus the same as the fractional error in the energy at all values of the energy. This matter is further discussed in §6 below.
Characteristic radiation
Any characteristic radiation that succeeds in reaching the detector will be recorded as part of the energy spectrum. A characteristic-radiation peak differs from a diffraction peak in that its shape is determined by the natural emission profile and the resolution function of the detector and its associated circuits, whereas the shape of a diffraction peak is determined by the geometrical aberrations of the diffractometer and the resolution function of the detector and its associated circuits. Certain physical aberrations may affect both. The possible characteristic radiations would seem to be:
(i) those of the target of the X-ray tube;
(ii) fluorescent radiation from the specimen; (iii) fluorescent radiation from the detector; and (iv) fluorescent radiation from the materials of the slit systems. The first two have been noted by Lauriat & P6rio.
Axial aberrations
Axial aberrations of a powder diffractometer seem first to have been discussed satisfactorily by Eastabrook (1953) , though there are some earlier papers mentioning the subject. Eastabrook's work has been extended by Pike (1957) , Langford (1962) and Gillham (1971) . Eastabrook showed that if a ray starts at an axial height x in the source, is diffracted at an axial height y in the specimen, and is recorded at an axial height z in the detector, the actual diffraction angle 20 is given by
where S is the source-specimen distance, R is the specimen-detector distance, and 200 is the diffractometer setting [Eastabrook's equation (6) , with slightly altered notation]. The above equation is 'exact', and in previous work the square roots have been expanded by the binomial theorem in order to obtain an approximation suitable for the ranges of angle and apparatus dimensions of practical interest. In the present application the ratios of x, y, z to R and S may be somewhat larger, and the approximation not as good. It should, however, give the error within 5 % in the worst case, and, to this accuracy, equation (7) 
It is easily seen from equation (3) that cos 28 = 1 -2 sin 2 8 = 1 -h2c2/2d2E 2,
and from equation (2) cos 280 = 1 -h2c2/2d2E 2 .
Equation (8) 
The factor hZc2/d 2 may be eliminated by the use of equation (2), giving
_( )cos (15) or, since R and S do not vary greatly,
If the effective axial dimensions of the source, specimen and detector are 2X, 2Y, 2Z respectively, the mean-(12) square values are IX2, ½Y2, ½Z z, and equation (16) becomes which may be more convenient. Also, the difference between E and E0 is small, and E z-Eo z may be replaced by 2EAE, giving
where A E = E-E0. It will be recognized that equations (11) and (12) are formally similar to equation (12) of Eastabrook (1952) and equations (7.7) and (7.8) of Wilson (1963) , the difference being merely in the trigonometrical multipliers. Any relevant previous results for axial divergence may therefore be taken over, the equivalent of Wilson's equation (7.12) being 2 sin 2 80( E2E2-E°2 (14) 8sin 2 8(~-~ = -½R-2[X 2 cos 28+4Y 2 cos 2 8+Z 2 cos 28]; (17) for X= Y= Z this bears the expected relation to equation (7.22) of Wilson (1963) . The variance can be obtained similarly from the square of equation (13) 
=-½[Q~(R)+Q~(S)cos 20o-Q~(R,S),
for X= Y= Z this bears the expected relation to equation (7.23) of Wilson. The higher moments, giving the coefficients of skewness, excess, etc. can be obtained in the same way, but the calculations become more and more tedious. It might be worth while to undertake them if it were important to find an approximation to the line profile by a series of Edgeworth's type (see Appendix).
where the parameters R and S have been shown explicitly as a reminder that they may not be equal, and the Q's have the same meaning as in Wilson's equation. Although many results for axial divergence have been obtained previously, the particular one required (source, specimen and detector of unequal axial dimensions, no Soller slits to limit axial divergence) does not seem to have been discussed. In this arrangement there is little correlation between x, y, and z, so that the average value of any product involving one or more of them to an odd power vanishes. We thus obtain
Equatorial divergence
]'he effect of equatorial divergence is shown in Fig. 2 . If the incident ray makes an angle ~ with the plane of the first set of Soller slits, and the diffracted ray makes an angle fl with the plane of the second, the angle of diffraction is given by
the angles being taken as positive in the sense shown in the Figure. The difference in energy from that of the ideal ray is then, from equations (5) and (3),
Since positive and negative values of ~ and p are equally likely, the mean value of AE (and of all odd powers of AE) is zero, and equatorial divergence does not, of itself, affect the accuracy of spacing measurements. It does, however, introduce a mean-square broadening given by
The averages on the right are the same as those considered by Eastabrook, Pike and Langford; the broadening corresponding to Soller slits used in the equatorial orientation is of the same form as the centroid shift corresponding to Soller slits used in the axial orientation. In the notation of Wilson (1963) , (~2) and (f12) are Q£(q) [the values of q may be different for the two sets of slits], and (eft) is Q2(q). Any appropriate results can thus be taken over. For closely spaced foils (Eastabrook's approximation) (aft) is zero and equation (22) becomes
where + A is the range of angles permitted by one set of Soller slits and + B is the range permitted by the other.
Physical aberrations
For the conventional powder diffractometer the physical aberrations are (Wilson, 1963, p. 54) : (i) change in wavelength on entering matter (refraction); (ii) variation of response with wavelength within the spread of the emission profile; and (iii) dispersion (variation of angle of diffraction with wavelength). For the fixed-angle energy-dispersive diffractometer the third of these does not arise, since the abscissa of the display is linear in photon energy (or if it is not the problem is one of electronics rather than a physical aberration). There are, however, analogues of the refraction and response aberrations. Interactions between geometrical and physical aberrations are discussed in {}5.5.
Refraction
On entering a powder grain the wavelength of a photon changes from 2 to 2In, where n is the refractive index. The energy of the photon is thus nhv =nE while it is being diffracted, but hv = E when it is detected. The spacing calculated by using E in equation (2) or (3) should be divided by n to obtain the true spacing. Ordinarily n differs from unity by a few parts in 106, the difference being approximately proportional to E -2. The correction will be significant, if at all, only for the low-order lines of the pattern.
As well as changing in energy, a photon is deviated slightly on entering and leaving matter. The effect on line position and breadth has been discussed for conventional diffractometry (Wilson, 1940; 1963, pp. 57-59) . The discussion could readily be adapted to fixedangle energy-dispersive diffractometry if the precision and resolution of the latter are improved to the point where the effects become significant.
Response variations
For the conventional diffractometer a response variation is defined as an effect that modifies the true distribution as a function of wavelength, I(2), by a factor f(2); examples are absorption, quantum-counting efficiency, polarization, and the Lorentz factor. The analogue for the fixed-angle diffractometer would be to replace I(2)d2 by I(E-E1)dE, the counting rate recorded at energy E when the energy of the incident photons is actually El. Ideally this function would be determined entirely by the characteristics of the detector material. It may be convenient in some contexts to include the characteristics of the analysing circuits in I(E-El), or in other contexts, to regard them as a response function f(E-El).
For simplicity, take the origin of I(E-Ea) at Ea, and represent the centroid of I(E) by
Eo= IEI(E)dE/II(E)dE ,
the integration extending over all values of E for which I(E) is appreciable. The centroid of the modified distribution is then
(E) = !E f(E)I(E)dE/ S f(E)I(E)dE
where W is the variance and /13 is the third central moment of the normalized resolution function I(E), and f, f', f", ... are the values off(E) and its derivatives at E= E0. The fractional change in centroid energy is then
with the same fractional change in the derived spacing [equation (6)]. A similar argument gives
for the displacement of the peak; here I, I",..., f,f',
are the values of the functions and their derivatives at the peak of I(E).
The continuous radiation
The variation of the intensity of the continuous radiation is likely to be the most important response variation. Near the high-energy limit this variation is said to be approximately linear:
so that the centroid shift would be
E E(Elim-E)
and the peak shift
both fractional displacements become large near the high-energy limit. At low energies thef(E) curve bends over and.f' changes sign, and the fractional displacements may become large again because of the factor 1/E.
Absorption in the specimen
In the reflexion arrangement the expression for the intensity contains the factors 23//~, where/z is the linear absorption coefficient, and for/z varying as 23 there is little nett effect on the position of the diffraction maximum (Wilson, 1963, p. 62) . For the fixed-angle diffractometer used in transmission the corresponding factors are
where t is the actual thickness of material traversed; it should be noted that for powder compacts t may be of the order of half the apparent thickness of the specimen. The centroid is thus displaced by
AE_E W[_3E_I_ t 8lZ ], SEj
and the peak by
For/z varying as E -3 these reduce to
and
The effectis thus dependent on the specimen thickness, and vanishes only for the thickness (t= 1//z) for which the intensity is a maximum• Because of the factor E -z the displacement might be appreciable at low energies.
Angle-dependent responses
The polarization factor, the Lorentz factor, other trigonometric factors, ahd dispersion (non-linearity of Bragg's law) are directly angle-dependent. In the conventional diffractometer angle dependence is equivMent to wavelength dependence, and the angle-dependent functions can be treated like other response variations, though some special attention is needed for dispersion. Ideally, in an energy-dispersive diffractometer the Bragg angle would be fixed, and angle-dependent responses would be of no significance Because of the geometrical aberrations, however, there is some variation in Bragg angle, and the angle-dependent responses will have a small effect on the line profile. (There is perhaps a kind of reciprocal relationship here: in a wavelength-dispersive diffractometer the angle-dependent responses have no effect on a delta-function emission profile; in an energy-dispersive diffractometer the angle dependent responses have no effect on a delta-function aberration profile.)
From equations (4) and (3) E-E0 sin 0
where AO= O-0o. In §3 and §4 we simply averaged AO over allowable paths in obtaining the centroid shift or the broadening, but we ought to have weighted eaohpath in accordance with the angle-dependent.response functions g(O) and the energy distribution of the continuous spectrum I(E). On introducing these weights we obtain for the centroid displacement (( 1 sin0
I'(Eo) ( c3E~ I"(Eo) BE 2 x (1+ I(Eo)\aO]Oo AO+½ I(Eo) (-~-ff) O0 (AO)2 l'(Eo) [OZE] +½-i-(Eoi-\--~-O-f] Oo(AO)2 + . . . ) )
The appropriate average values of A0 and (A0) 2 would be inserted from {}3 and {}4; the centroid shifts considered there correspond only to the first term of equation (41). The second term arises directly from the nonlinearity of Bragg's law, and may be considered the analogue of the dispersion correction in conventional diffractometry. The third term is the interaction between the angle-dependent responses and the geometrical aberrations, and the fourth term is the interaction between the energy-dependent responses and the geometrical aberrations. Only the energy distribution in the continuous spectrum has been written explicitly here; other energy-dependent responses generate terms of the same form. Higher terms in the series (41) can be calculated in the same way if required, but they rapidly become more complex. Similarly, (42) and the variance is
( (~E~) 2)=cot2 Oo((AO) 2)
The variances calculated in §3 and {}4 correspond only to the first term. The third moments required for the correction term have not been calculated, or at any rate have not been published, for most of the geometrical aberrations. Their calculation presents no difficulty in principle, but becomes tedious for axial divergence.
Accuracy of spacing measurements
As has been noted in connexion with equation (6), the magnitude of the fractional error in a spacing measurement is the same as that of the fractional error in the energy of the corresponding diffraction maximum. Equation (6) was derived in connexion with aberrations, but it gives the correct relation between Ad and AE, whatever the source of the error in the energy.
Errors in determining E are of three kinds: (i) non-linearity and zero error of the multichannel analyser or equivalent electronic equipment; (ii) statistical fluctuations if the number of counts accumulated is not large; and (iii) aberrations of the types discussed above. Errors of the first type are inherent in most applications of solid-state detectors, and in the present context it is unnecessary to do more than draw attention to the importance of adequate calibration. Fluctuations of the second type arise in all types of diffractometry, and have been discussed, for example, by Wilson (1965 Wilson ( , 1967 and Thomsen & Yap (1968) . The effective line width, determined by the energy resolution of the solidstate detector and associated circuits, is larger than that of a characteristic X-ray emission line recorded with a conventional diffractometer, so that a larger number of counts (probably easily obtained) would be necessary to attain the same statistical reproducibility in line position.
The expressions for the displacements (AE/E) derived above for geometrical aberrations apply to the line centroids, but it is frequently the positions of the peaks that are measured. Provided that the effective line profile is wide compared with that of the aberration, the peak displacement is nearly the same as that of the centroid (Wilson, 1950 (Wilson, , 1961 (Wilson, , 1963 , and it would appear that this condition is amply satisfied for fixed-angle diffractometry, at least at the present stage of development of solid-state detectors. The measured peak positions may therefore be corrected in accordance with the appropriate version of equation (14) [equation (17) if no Soller slits are used] before the corresponding spacings are calculated. If the accuracy should warrant it, a second approximation to the peak shift, taking into account the variance of the aberration as well as its centroid displacement, can be used [Wilson 1961 [Wilson , 1963 . Although equatorial divergence, with equatorial Soller slits as described, produces no centroid displacement, it does produce a broadening, and this may result in a peak shift if the line profile is markedly unsymmetrical.
It should be noticed that for geometrical aberrations the fractional error in E does not depend explicitly on E, and that there is no general pattern in the dependence of the physical aberrations on E. Extrapi~lation methods for reducing aberrational errors in d, so familiar in conventional diffractometry, are not conveniently applicable in fixed-angle diffractometry. The line positions should, therefore, be corrected individually for the aberrations before the d values are calculated.
Some practical considerations
The diffractometer, as described, has unnecessarily large axial divergence and unnecessarily small equatorial divergence. The line profile could be improved and the aberrations reduced, without sacrifice of inten-sity, by employing less closely spaced Soller slits in both axial and equatorial orientations-four sets in all. An alternative method of achieving the same result would be to use of a bundle of thin-walled tubes, as sketched in Fig. 3 . The material of the walls of the tubes would not matter greatly, provided that its fluorescent radiation did not interfere with any important part of the diffraction pattern. There would be some small advantages in placing the specimen symmetrically with respect to the incident and diffracted rays.
The various expressions derived above, except those relating to absorption in the specimen, apply also if the specimen is used in reflexion instead of in transmission -this orientation would be an advantage if the specimen were highly absorbing. In reflexion, however, there seems to be no reason to rely on Soller slits instead of Bragg-Brentano focusing to reduce equatorial aberrations, especially as the specimen could be conformed to the focusing toroid -the necessary curvatures are the same for all diffraction maxima. The Soller slits could then be used to reduce axial aberrations, as good or better intensity being achieved with improved line profiles. The usual expressions for geometrical aberrations would apply, though the possible dependence of some parameters on E would have to be considered; in particular the coefficient appearing in the transparency correction [ §4.4 of Wilson (1963) 
... ....
When profiles are convoluted -as is the case for the combination of geometrical aberrations in diffractometry-the semi-invariants are directly additive, so that for any combination of geometrical aberrations k,= ~k, (J) , (A4) J where the superscripts indicate the individual aberrations.
Though sporadic attempts have been made to apply extended Gaussian expressions to line profiles, they have not been particularly fruitful in conventional diffractometry. The main reason is that the emission profile is markedly non-Gaussian, with inverse-square tails, and thus does not satisfy the fundamental condition for the existence of the series (A1); none of the higher moments is finite. If investigation should confirm that the solid-state detector resolution function ( §5.2) has finite moments, use of equation (A1) might have considerable advantages, as aberrational line profiles are more difficult to calculate and convolute than moments are. The coefficients of successive terms in the series are independent in the sense that the coefficients of a Fourier series are (and the coefficients of a polynomial approximation are not); the best nth order approximation is the first n terms of the entire series. The series can be continued indefinitely, but if the terms written do not give a reasonable representation its use may be impracticable; the next order of approximation involves derivatives up to ~0tX(x), and the moments of some aberrations become very tedious to calculate. The appearance of the series may be simplified slightly by replacing tile semi-invariants by the coefficients of skewness:
)~1= k3 ff-3 (A5) and excess: ~2 = k40"-4. Fig. 3 . Bundle of thin-walled tubes as combined axial and equatorial Soller slits.
A further reason why such a series may be more useful for fixed-angle diffractometry than for conventional diffractometry arises simply from the fact that the angle is fixed; the numerical values of the moments of each aberration need to be known only for that angle, and not as functions of the Bragg angle over practically the full range 0 to ½re.
